Electron tunneling spectroscopy pioneered by Esaki 1 and Giaever 2,3 offered a powerful tool for studying electronic spectra and density of states (DOS) in superconductors. This led to important discoveries that revealed, in particular, the pseudogap in the tunneling spectrum of superconductors above their critical temperatures [4] [5] [6] [7] . However, the phenomenological approach of Ref.
There have been rapid developments in scanning tunneling microscopy (STM) or scanning tunneling spectroscopy (STS) studies of superconductivity triggered by investigations of the pseudogap state and vortex state in high-temperature cuprates 8 , observations of the pseudogap in 2D disordered films of conventional superconductors 7 , investigations of the superconductorinsulator transition 9 , measurements of the tunnel conductivity close to the superconducting transition in intrinsic Josephson junctions (see Ref. 10 ), and many others. All this called for a quantitative theory capable to adequately describe high resolution STM/STS data uncovering subtle features of the tunneling spectra. Of special importance is the ability of analyzing data in the fluctuation regime as it is the domain that is key to reveal the microscopic mechanisms of high temperature superconductivity and the superconductor-insulator transition.
However, the restrictions of the phenomenological GM approach disguise the fine structure of the electronic spectrum. To see how this is happening, let us inspect the classical GM expression 3 for the tunnel current
(here R N is the tunnel junction resistance, n F (E) is the Fermi distribution function, and ν L,R is the energy dependent density of states of the left (right) electrode, respectively) and apply it to the calculation of the tunnel current of a N-I-(N+SF) junction at temperatures above T c . Using the explicit expression for the fluctuation correction to the electronic DOS in a disordered superconducting film 4 (shown in the Fig. 1a ), one sees with surprise that the sharp singularity in the DOS at low energies gets smoothened out to a much wider pseudogap structure in the differential conductivity. In particular, the latter has the width δ(eV pg ) ∼ ∆ BCS [instead of δE 0 ∼ k B (T − T c0 )] and a small amplitude [ln [T c0 /(T − T c0 )] instead of T 2 c0 /(T −T c0 ) 2 ] in the DOS 5 (see Fig. 1b ). The reason for these dissimilarities is that the sign-change of the DOS fluctuation correction (see Fig. 1a ), almost averages out the whole effect of fluctuations on the tunnel current when integrated over energy. As a result, quantum coherent effects like Andreev reflections of injected electrons at domains of superconducting fluctuations in the biased electrode (see Fig. 1c ) cannot be described by the GM phenomenology.
To construct a general approach to calculate the true tunnel conductivity taking into account the fine structure of the density of states, we employ the Matsubara Green functions technique. The complete fluctuation contribution to the tunneling current in a typical STM/STS experiment sketched in Fig.2a is represented graphically by the Matsubara diagram, shown in Fig.2b . This diagram describes both, regular and anomalous fluctuation tunneling processes depicted in Fig.2a 1 and Fig.2a 2 . The former one, related to the depletion of the electron DOS close to the Fermi level, has already been discussed above in the framework of the phenomenological theory 3 and, as we know, results in the appearance of the pseudogaplike feature in δσ (fl) tun (V ). The latter process consists of Andreev-like reflections of an injected, still energetically unrelaxed, electron from the fluctuation superconducting domain in the biased electrode, shown in Fig.2a 2 . In order to participate in fluctuation Cooper pairing, the injected electron "extracts" an electron-hole pair from vacuum with momentum opposite to its own, forms a Cooper pair with the electron, while the remaining hole returns along its previous trajectory (see Fig. 2a 2 ). This quantum coherent contribution is missed by the phenomenological method, but is captured by the microscopic diagrammatic approach. This anomalous tunneling process gives rise to an additional current, which, like the regular one, is proportional to the first power of the Ginzburg number Gi (which characterizes the strength of fluctuations), but is cubic in voltage V near zero bias and becomes relevant only close enough to the superconducting transition. As a result, a peculiar low-bias anomaly (2) . c) The low-voltage anomaly of the tunneling conductivity related to Andreev-like reflection of injected electron from the fluctuating superconductive domain, which is beyond the possibilities of the GM approach.
(LBA) appears near the superconducting transition line H c2 (T ). As the external parameter values move away from the transition line the amplitude of the LBA rapidly decays. The important feature of this novel Andreev process is that it appears in lowest (first) order approximation with respect to the tunneling barrier transparencythe same order as the usual tunneling current exhibiting the pseudogap. This effect is stronger than the standard Andreev conductance of a N-I-S junction which is proportional to the square of the transparency 11, 12 . The reason is that the fluctuation-induced domain of superconducting phase in the biased electrode is not separated from the surrounding normal phase by any barrier and thus the process of Andreev-like reflection does not involve an additional tunneling process.
Remarkably, both complimentary physical processes shown in panels a 1 and a 2 of Fig.2 are straightforwardly expressed in terms of a graphic mathematical language: the calculation of the diagram of Fig.2b is reduced to the evaluation of the integrals of the electron Green functions in the linked electrodes along two contours in the complex frequency plane shown in panels b 1 and b 2 of Fig.2 , respectively. The upper contour corresponds to the conventional Giaever-Megerle (GM) tunneling, while the lower one describes the contribution due to Andreev-like reflection from superconducting fluctuations. Accordingly, the fluctuation part of the tunneling conductance shown in Fig.2c exhibits both, the pseudogap anomaly due to fluctuation depletion of the one-electron DOS (Fig.2c 1 ) coming from the integration over the contour of Fig.2b 1 , and Andreev-like reflection induced LBA ( Fig.2c 2 ) , arising from the integration over the contour of the panel b 2 . Important to remark is that the latter contribution is zero at zero bias voltage [see Fig.3c ].
In the framework of the diagrammatic Matsubara formalism the tunneling current is presented as (see Methods):
where
(3) Here G L and G R are the exact Matsubara Green functions of the left and right electrodes respectively, the summations are performed over all fermionic frequencies ε n = 2πT (n + 1/2) and the electron states p and k in the corresponding electrodes. The external bosonic frequency ω ν accounts for the potential difference between the electrodes and the factor 4 is due to the summation over the spin degrees of freedom. The superscript "R" in Eq. (2) means that the correlator K is continued to the plane of complex voltages in such a way that it remains an analytic function through the complete upper complex half-plane.
The calculation of the sums in Eq. (3) is presented in the appendix. It turns out that the discussed LBA in the I-V characteristics appears only in the case where the energy (or phase) relaxation time τ φ of an electron injected into the explored electrode is long enough:
The shape of the LBA close to the critical temperature [ τ
, can be found analytically:
with σ n as the electrode normal conductivity and S as the junction surface area. When k B (T − T c0 ) decreases to the value τ −1 φ the growth of the LBA ceases. One can show that close to the transition temperature T c0 the dip in the tunnel conductivity develops on the scale eV
At zero temperature, close to the second critical field H c2 (0) , the fluctuations acquire quantum nature and the corresponding voltage scale is eV ). An injected electron pair (2e) thermalizes in the electrode, which reduces the density of states due to superconducting fluctuations, a2). Andreev-like reflection of injected electrons at a region of superconducting fluctuations (SF); b). The (Matsubara) diagram describing the fluctuation contribution to tunneling current, b1)+b2) Two contours in the plane of complex voltage describing both both corresponding tunneling processes shown in a1) and a2); c). Surface plot of the total tunnel conductivity depending on voltage and temperature. The corresponding theoretical expression is valid throughout the whole phase diagram of temperature and magnetic field with a wide pseudogap structure and narrow low-bias anomaly (LBA), c1). Pseudogap anomaly related to the renormalization of the one-electron density of states due to superconducting fluctuations in the electrode. It directly corresponds to the process pictured in a1) and contour b1), c2). LBA contribution of the tunnel conductivity due to process a2), resulting from contour b2).
is directly proportional to the energy relaxation length φ = v F τ φ , which is in a complete agreement with the physical picture of this non-trivial quantum coherence effect presented above: anomalous Cooper pairings take place only in a stripe of volume S · φ in the contact area, where the injected electrons still remain non-thermalized and differ from the local ones. Fig. 3 shows the plots of fluctuation contributions to the tunneling conductivity for different parts of the temperature-magnetic field phase diagram of the superconducting film. The central panel -the h-t phase diagram -depicts the parameter combinations or ranges for the 2D graphs or 3D surface plots arranged around it in panels a) -h). In accordance with the above theoretical speculations the strength of the singularity in the lowvoltage behavior of the tunneling conductance smears out when moving away from the transition line (panels a-d and g, h). We point out that the LBA is most pronounced roughly halfway between the 'endpoints' of the transition line (see panel f). Overall the panels clearly show that the LBA is a pronounced important effect near the transition and is even noticeable at twice the transition temperature.
In conclusion, the LBA provides an irreplaceable tool for determining microscopic material parameters including the energy relaxation time τ φ , the critical temperature T c0 , and the critical magnetic field H c2 (0) by measuring the tunneling conductance and fitting the experi- mental data with the complete expression for the tunneling conductance. Remarkably, all the information about these parameters is encoded in merely the distance between the LBA dips and the height of the central peak in the conductivity curve. This introduces a new technique, a tunnel-fluctuoscope, in analogy to the recently developed conductivity fluctuoscopy 16, 17 . The latter has already proven to be the first quantitative and precise method to determined material parameters of superconducting films in many instances. An observation of the described LBA in a d.c. experiment is a fingerprint of the fact that at the point below the STM tip, FCPs appear during the time of the experiment. Recent tunnelcurrent measurements of N-I-S junctions indeed indicate the presence of the LBA 27 . Since the characteristic FCP lifetime is /k B (T − T c ), a time-resolved STM measurement utilizing an a.c. current with frequency on the scale of 1-10 GHz promises to make it possible, in principle, to "visualize" FCP directly in real time. We study low-transparency junctions in the regime of weak fluctuations and find the tunneling current I (V ) between a normal metal electrode and a disordered twodimensional superconducting film placed in a perpendicular magnetic field throughout the whole phase diagram above the H c2 (T ) line. This system can be described by the tunnel Hamiltonian with interaction term
and the tunnel current can be identified with the time derivative of the particle number operator in one of the electrodes
averaged over the statistical ensemble:
The procedure of such ensemble averages with the density matrix was performed in Ref. 13 . The tunnel current is then determined by the diagram presented in Fig.2b appearing in first orders of barrier transparency and strength of fluctuations Gi. Solid lines correspond to the single-electron Green's functions in the respective electrodes, the wavy line represents the fluctuation propagator, crossed circles stand for the matrix elements of the tunneling Hamiltonian, and the solid triangles are the vertices accounting for impurity averaging. The quasiparticle current flowing through a tunnel junction is expressed via the correlator K (ω ν ) of the electron Green's functions of both electrodes. Being calculated as a series of imaginary Matsubara frequencies 15 iω ν = 2πiT ν, ν = 0, 1, 2, .., the obtained expression has to be analytically continued into the whole upper half-plane of complex frequencies ω: iω ν → ω. Finally, the real positive values of the latter are identified with the voltage at junction ω = eV .
As it is shown in the appendix, after summations over momenta and fermionic frequencies, the correlator K (fl) (ω ν ), corresponding to the diagram from Fig.2b becomes
The function
represents the denominator of the fluctuation propagator describing the fluctuation pairing of electrons in the normal phase of a superconductor over a wide range of temperatures and fields 14 . Here t = T /T c0 and h = π 2 /(8γ E )H/H c2 (0) are dimensionless temperature and magnetic field normalized by the critical temperature and the value of second critical field respectively, γ E = 1.78 is the exponential Euler constant. One can see that close to T c0 and for weak enough magnetic fields, E m (−iω) is nothing else than the fundamental solution of the time-dependent Ginzburg-Landau equation 14 . The summation over the bosonic Matsubara frequencies "flowing" through the fluctuation propagator done by an additional analytical continuation in upper halfplane results in the general expression for correlation function
, which allows to obtain the fluctuation contribution to the tunnel current for arbitrary temperatures, magnetic fields and voltages. The corresponding results for the conductivity are presented in Figs. 2&3.
Appendix B: Deficiency of Phenomenological Model
The effect of SFs on the DOS and corresponding pseudogap in tunnel conductivity. According to the microscopic BCS theory ? , the superconducting state is characterized by a gap in the normal excitation spectrum, centered around the Fermi level, E F , which vanishes along the transition line H c2 (T ). However, it was predicted, as early as in 1970 4 , that even in the normal state of a superconductor, thermal fluctuations result in a noticeable suppression of the density of states (DOS) in a narrow energy range around the Fermi level (see Fig. 1a ).
More specifically, in the case of a disordered thin film 4 the fluctuation correction to the DOS takes form: 
One can see that Eq. (B1) is a sign-changing function and its integral over the complete energy range must be equal zero:ˆ∞
The statement (B2) is nothing else as the sum rule: superconducting interactions cannot create new states, it just redistributes existing ones to different energy levels. Namely, at the Fermi level a sharp dip [δν Fig.1a of the Main Text).
A major experimental tool for determining the density of states is by measurements of the differential tunnel conductivity. Giaever and Megerle 3 , related the quasiparticle tunnel current to the densities of electron states of the left and right electrodes and to the difference of the equilibrium distribution functions in both of them (see Eq.
(1) of the Main Text). Assuming the left electrode being a normal metal with constant density of states ν L and the right electrode being a thin superconducting film above its critical temperature one can write an explicit expression for the excess tunnel conductivity in terms of δν (fl) (2) (E, T ) and the derivative of the Fermi function. Combining the latter with the sum rule (B2) one finds
(2) (E)dE (B3) and arrives at the disappointing conclusion that the predicted strong and narrow singularity in the density of states Eq. (B1) manifests itself in the observable tunnel conductivity only as a wide pseudogap structure (eV pg ∼ ∆ BCS instead of E 0 ∼ k B (T − T c0 )) and weak in the magnitude (ln (
2 ), resembling that one in the superconducting phase 5 (see Fig.1b of the Main Text). Indeed, due to the sum rule (B2), almost the whole effect of fluctuations on the tunnel current is averaged out in the process of energy integration. The strong divergence of Eq. (B1) at zero energy is completely eliminated due to presence of tanh 2 (E/2k B T ) in Eq. (B3) and only a weak logarithmically singular behavior of the minimum and two bumps of δσ (fl) tun (V ) are reminiscent of the closeness to the superconducting transition. The commonly accepted Giaver formula for the tunnel current does not allow to detect traces of the strong singularity of Eq. (B1), which should be manifested in the conductivity as a narrow zero bias anomaly in tunnel conductivity as we will see below.
Appendix C: Where is the difference between the microscopic approach and Giaver phenomenology hidden?
One could be curious where does the difference between the microscopic approach and the Giaver phenomenology lie? In order to understand this let us follow the derivation of the latter from the former. Let us perform the summation of the Green's functions of each electrode over the corresponding momenta in Eq. (3) of the Main Text assuming the tunnel matrix elements to be momentum independent. This makes the integrations of both Matsubara Green's functions independent and each of them can be presented in Lehmann form
Substituting Eq. (C1) into Eq. (3) of the Main Text, rewriting the product of the energy denominators in the form of simple fractions, and summation over fermionic frequencies, gives
Looking at this expression one might be tempted to perform an analytic continuation iω ν → ω + iδ (δ → 0) and apply the Sokhotski-Plemelj theorem to the integration over dE L in Eq. (C2):
where the "dashed" integral symbol means that the integral is performed in the sense of a Cauchy principal value. This calculation of the imaginary part of Eq. (C2) with subsequent use of Eq. (2) of the Main Text immediately reproduces Giaever's and Megerle's formula, i.e., in accordance to the common believe, the microscopic approach confirms the phenomenological result. Nevertheless, one should remember, that the validity of Eq. (C3) requires the smoothness of the function ν (E). However, this requirement is violated in the case under consideration: as we saw above, the fluctuation correction δν (fl) (2) (E, T ) close to the transition temperature has a strong singularity at small energies. Hence, performing the integration of the exact expression Eq. (C2) using the rule Eq. (C3), one looses the effect of the interplay between the parameters eV and T − T c0 (or ∆ BCS h above the second critical field).
The use of a finite-width δ-function in the SokhotskiPlemelj theorem washes out the result and makes the main difference.
Appendix D: Model and Calculations
We study the effect of SFs on the tunneling current I (V ) between a normal metal electrode and a disordered two-dimensional superconducting film placed in a perpendicular magnetic field throughout the whole phase diagram above the H c2 (T ) line. Describing this system by means of a tunnel Hamiltonian, the tunnel-current can be expressed in terms of the correlator K (ω ν ) of the electron Green's functions of the corresponding electrodes, which is analytically continued from Matsubara frequencies ω ν = 2πT ν, ν = 0, 1, 2, ... to the upper half-plane of complex frequencies ω ν → −iω = −ieV , 5, 15 :
Being interested in low-transparency junctions and restricting our consideration to the first order in Gi (2) , one can see that in the case the second electrode is not subject to superconducting fluctuations -e.g., is a normal STM tip -the only diagram which contributes to the tunnelcurrent is that presented in Fig. 2b of the Main Text. This diagram describes the suppression of the tunnelcurrent due to the mechanism of fluctuation renormalization of the quasi-particle density of states, discussed above.
In the absence of magnetic fields, the correlation function, Eq. (D1), was already studied in momentum representation 5 . The generalization to the case of a perpendicular magnetic field can be made by going over from the momentum to Landau representation with an appropriate quantization of the Cooper pair motion (see, for example, Refs. [14, 16, and 17] ). Formally, this corresponds to a replacement of the energy associated with the motion of the center of mass of a free Cooper pair with momentum q by the eigen-energy of the Landau state of level m: Dq 2 → ω c (m + 1/2). Here D is the electron diffusion coefficient and ω c = 4eDH is the cyclotron frequency corresponding to the rotation of the center of mass of a Cooper pair in a magnetic field H. The integration over the two-dimensional momentum in correlator (D1) is replaced by a summation over Landau levels according to the rule:
where M = (T c0 τ ) −1 is a cut-off parameter related to the elastic electron scattering time τ (see Ref. [16] for details). This transformation is applied to the general expression for the correlation function K (ω ν ), and one finds 5 :
with σ n = e 2 ν n D, R N being the tunneling resistance of the junction and S is its surface area. The function 
written in Landau representation and describing the fluctuation pairing of electrons in the normal phase of a superconductor over a wide range of temperatures and fields 14 . Here t = T /T c0 and h = π 2 /(8γ E )H/H c2 (0) are dimensionless temperature and magnetic field normalized by critical temperature and the value of second critical field respectively, γ E = 1.78 is the exponential Euler constant. The cyclotron frequency of a Cooper pair rotation in this parametrization is ω c = (16hT c0 /π). We clarify that E m (x) denotes derivative of the function E m (x) with respect to its argument x, explicitly given by
The two terms in Eq. (D2) correspond to two fluctuation contributions to the tunnel-current with different analytical properties. Below we demonstrate how these contributions give rise to the pseudogap maxima and the low-bias anomaly (LBA) in the tunneling conductivity in two-dimensional disordered superconductors.
Complete expression for the fluctuation tunnel-current
We start our analysis with the first term of Eq. (D2). Since the external frequency ω ν enters the expression for K (reg) (ω ν ) only via the argument of the analytical function E m (k + 2ν) [see Eq. (D2)], one can easily perform its analytical continuation by just substituting ω ν → −ieV . Using Eq. (D1), one finds for the general expression of the corresponding current I (reg) (V ):
(D6) The second contribution to the tunneling current is determined by
with Here the analytical contribution is more complex than in the case of K (reg) (V ) , since the frequency ω ν is not only present in the argument of function (D8) but also in the upper limit of the sum over k in Eq. (D7). Note, that this summation limit can be reduced from ν to ν − 1 since f m (k = ν, ω ν ) = 0. The analytical continuation of a function of the form
onto the upper half-plane of complex frequencies was performed in Ref. [18] [see also Ref. [14] , equation (7.90 
)]. By means of the Eliashberg transformation
19 the corresponding sum can be presented as a counterclockwise integral over a closed contour C consisting of two horizontal lines, two vertical lines, and two semicircles in the upper complex plane, where the latter exclude the points 0 and iν (see Fig. 4 ):
The integrals over the vertical line segments become zero, the integral over the semi-circle at z = iν is zero since f m (k = ν, ω ν ) = 0, the integral over the semi-circle at z = 0 reduces to the residual of coth (πz). Inverting the direction of integration over the line segment with Im z = ν and then shifting the integration variable as z + iω ν /2πT → z 1 in the corresponding integral, one finds:
Eq. (D9) is already an analytical function of ω ν and one can perform its continuation just by the standard substitution ω ν → −iω. Shifting the variable in the second integral again as z − ω/2πT → z 2 and using the identity
.
Substituting the explicit expression for function
Eqs. (D1) and (D11) determine the second fluctuation contribution to the tunneling current I (an) (V ). Let us note that the first term of K (an)R is nothing but half of the first summand (with k = 0) of the sum in Eq. (D6) with opposite sign. Technically it would be easy to incorporate the latter into K (reg)R . However, such a procedure would be physically misleading: we will see below that this k and z independent term in Eq. (D11) cancels the corresponding linear contribution stemming from the integral term at small voltages. As a result, the current I (an) (V ), determined by the imaginary part of Eqs. (D11), does not contain a linear contribution if expanded in powers of voltage. This means that it does not contribute to the magnitude of the differential tunnel conductivity at zero voltage σ
, which is the easiest quantity to measure in experiments. Nevertheless, it contributes to the current-voltage characteristics at finite voltages and, as we will see below, can noticeably manifest itself even at very low voltages eV ∼ T − T c0 as a LBA.
Adding I (reg) (V ) and I (an) (V ) one finds the general expression for the fluctuation contribution to the tunnelcurrent, which is valid in the complete phase diagram beyond the H c2 (T ) line:
Eq. (D12) is the main result of this work. The first term I (reg) (V ) has been studied in detail for different limiting cases using different approaches: close to T c0 , 5, 6, 20, 21 : (i) in a wide temperature range in zero field 5 , or (ii) close to T c0 in magnetic fields H H c2 (0), 22 . The current contribution I (an) (V ) has been omitted in all these works based on the "standard" argument that the zero frequency bosonic mode (which traverses through the propagator) is singular in the vicinity of the transition. However, it is known that this argument sometimes works (e.g., in the case of the Maki-Thompson contribution to conductivity 23 ), but also sometimes fails (e.g., for the Aslamazov-Larkin contribution to conductivity 24 ). In our case this argument turns to out be correct only for very small voltages. The reason being that voltage itself, together with temperature deviations from the transition point and finite magnetic fields, drives the system away from the immediate vicinity of the transition, which invalidates the argument regarding the dominance of the zero frequency bosonic mode.
We present several plots of the tunnel-current and the tunnel conductance. Since they depend on three parameters: t, h, and v, only lines or planes in the full parameter space are presented as line or surface plots. In Fig. 3 of the Main text all parameter points and lines in the t-h phase diagram for all following figures are shown. The critical field line, h c2 (t), separating the superconducting (SC) and the normal fluctuation region (SF) is defined by E 0 (0) = 0. Each figure caption refers to these parameter locations. Fig. 5 shows the behavior of I (fl) (t, h, V ) near T c0 and H c2 (0).
In the following we will carefully analyze the effect of superconducting fluctuations in the whole phase diagram. We start our discussion with the regular contribution I (reg) (V ) and then elucidate the important role of the anomalous contribution I (an) (V ), which was neglected in literature so far. Close to T c0 and for sufficiently weak magnetic fields H H c2 (0), the most singular term in Eq. (D6) arises from the zero frequency bosonic mode k = 0, when the propagator has a pole at = 0 and E m (0) = + 2h m + 1 2 (D13) with = ln t ≈ t − 1 1 as reduced temperature. The summation over Landau levels can be performed in terms of polygamma-functions, ψ (n) (x), and one finds an expression valid for any combination of and h 1:
Eq. (D14) reproduces the results of Refs. [5 and 22] . The corresponding contribution to the tunneling conductance is
In the region of high temperatures T T c0 and zero magnetic field we restrict our analytical consideration to the fluctuation contribution to the differential conductivity at zero voltage. Performing an integration instead of a summation in Eq. (D6) one finds
which is again in complete agreement with Ref. [5] . Close to the line H c2 (t) and for sufficiently low temperatures t h c2 (t) the lowest Landau level approximation (LLL) holds. The corresponding propagator (with quantum number m = 0) has a pole structure and Eq. (D3) acquires the form:
with h (t) = (H − H c2 (t)) /H c2 (t). Keeping only the m = 0 term in Eq. (D6), one can write
(D17) The imaginary part Im E 0 (k − ieV /πT ) can be explicitly written using Eq. (D5) in the limit t h c2 (t) and the asymptotic behavior of ψ (|x| 1) ∼ 1/x:
(D18) The summation in Eq. (D17) can then be performed exactly in terms of polygamma-functions, i.e., using
which gives an expression for the regular part of the fluctuation current valid for low enough temperatures along the line h c2 (t):
Here, we introduced the dimensionless voltage
, which defines the characteristic scale of σ (reg) in the considered domain of the phase diagram. We stress, that this scale depends on temperature via the parameter h c2 (t).
Close to H c2 (0), in the region of very low temperatures t h, the argument of the ψ-function in Eq. (D19) becomes large despite the smallness of h, and the ψ-function can therefore be approximated by its asymptotic expression. One gets
with ∆ BCS = πT c0 /γ E being the value of BCS gap. The characteristic scale where the maximum of the tunnel conductance appears at these low temperatures is v = 2eV /∆ BCS ∼ 1, i.e.
In the region of high fields H H c2 and low temperatures, the asymptotic behavior of the tunneling current can be studied in complete analogy to the case of high temperatures and weak fields. The sums in Eq. (D6) can be approximated by integrals, which gives for the value of the differential conductivity at zero voltage:
One can see that this dependence is exactly the same as that one in the case of high temperatures with reversed roles of the reduced temperature and the reduced field. In the low-voltage limit, V → 0, the general expression for I (an) (V ), (D12), can be expanded in small eV . We start with the first order term of that expansion, where one can assume V = 0 in the argument of integrand function and obtain
In the region of temperatures close to the transition temperature T c0 and along the transition line for temperatures t h c2 (t), the propagator has a simple pole structure [see Eqs. (D13) and (D16)] and the integral in Eq. (D22) can be calculated analytically. Performing this integration one finds that the second term of Eq. (D22) exactly annihilates the linear part of the first term. This fact justifies the static approximation (zero frequency bosonic mode) made in Refs. [5, 6, [20] [21] [22] The strong divergency of this expression at small frequencies indicates that the process of generating current (D23) should be limited in time. Indeed, from the physical picture described above, it is clear that the processes of anomalous Cooper pairings of the injected electrons take place until the latter remain non-thermalized., i e. for times shorter than τ φ . Hence the frequency integral should be cut-off at ω ∼ τ 
